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A two-dimensional P-SV hybrid method and its
application to modeling localized structures
near the core-mantle boundary

Lianxing Wen and Donald V. Helmberger
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Abstract. A P-SV hybrid method is developed for calculating synthetic seismo-
grams involving two-dimensional localized heterogeneous structures. The finite
difference technique is applied in the heterogeneous region and generalized ray
theory solutions from a seismic source are used in the finite difference initiation
process. The seismic motions, after interacting with the heterogeneous structures,
are propagated back to the Earth’s surface analytically with the aid of the Kirchhoff
method. Anomalous long-period SKS-SPdKS observations, sampling a region near
the core-mantle boundary beneath the southwest Pacific, are modeled with the
hybrid method. Localized structures just above the core-mantle boundary, with
lateral dimensions of 250 to 400 km, can explain even the most anomalous data
observed to date if S velocity drops up to.30% are allowed for a P velocity drop of
10%. Structural shapes and seismic properties of those anomalies are constrained
from the data since synthetic waveforms are sensitive to the location and lateral
dimension of seismic anomalies near the core-mantle boundary. Some important
issues, such as the density change and roughness of the structures and the sharpness
of the transition from the structures to the surrounding mantle, however, remain

unresolved due to the nature of the data.

1. Introduction

The core-mantle boundary (CMB) and adjacent re-
gions play a fundamental role in the mantle and core
dynamics, and resolving the lateral variations of seis-
mic structure in this region is crucial to understanding
the region’s thermal, chemical, and dynamical behavior.
Many seismological observations have suggested the ex-
istence of small-scale heterogeneities in the lowermost
mantle. For example, the decay rate of the diffracted
P waves [Alezander and Phinney, 1966] and the precur-
sors to PKP [Cleary and Haddon, 1972; Cormier, 1995]
have been interpreted as results of scattering by seismic
heterogeneities in the lowermost mantle, although the
precise nature of those scatterers has not been known.
Doornbos [1976, 1978, 1988] show that the topographic
relief of the core-mantle boundary with scale lengths
of about 10-20 km and an amplitude of several hun-
dred meters offers an equally feasible explanation for
the observed precursors to PKP phase. The complex-
ities of SKS and SPdKS phases sampling non-circum-
Pacific regions in the core-mantle boundary region have
been interpreted in term of the presence of ultralow-
velocity layers just above the core-mantle boundary,
with a thickness of tens of kilometers [Garnero et al.,
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1993; Garnero and Helmberger, 1995, 1996; Helmberger
et al., 1996]. The presence of a low seismic velocity layer
is also invoked to explain the precursor to the PcP phase
recorded in California from events in Fiji [Mori and
Helmberger, 1995). Rapid variation of waveforms of
those phases from event to event strongly suggests that
these structures rapidly vary with length scales which
are very small compared to the length of the ray path.

Both numerical and analytical methods have difficul-
ties in handling this type of wave propagation. Nu-
merical methods (e.g., finite difference [Alterman and
Karal, 1968; Boore, 1972; Virieuz, 1984] and finite ele-
ment [Lysmer and Drake, 1972]) require massive com-
puter memory and have been limited to wave propa-
gation at small distances and to low frequency model-
ing [e.g., Igel and Weber, 1996], even though they can
handle wave propagation in heterogeneous media. An-
alytic methods (e.g., the generalized ray theory [Helm-
berger, 1968], the WKB method [Chapman, 1976] and
the reflectivity method [Miiller, 1985]), on the other
hand, can only deal with one-dimensional models. Even
though some modifications of these methods enable
them to deal with wave propagation in dipping lay-
ered structures [Hong and Helmberger, 1978] or smooth
boundary structures [Helmberger et al., 1996; Liv and
Tromp, 1996], these methods cannot be applied to wave
propagation in strongly heterogeneous media.

In this paper, we combine advantages of both nu-
merical and analytical methods and develop a hybrid
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method by applying a finite difference technigue in
heterogeneous regions and analytical methods outside.
The generalized ray theory solutions are interfaced with
the finite difference calculation and synthetic seismo-
grams at the Earth’s surface are obtained from interfac-
ing the output of the finite difference calculation with
WKB Green’s functions using Kirchhoff theory. The
staggered-grid finite difference scheme [ Virieuz, 1986]
is used to handle the fluid-solid interface. We present
the theory of hybrid method in section 2. As an appli-
cation, in section 3, we show that the observed SKS and
SPdKS phases sampling the core-mantle boundary re-
gion beneath the southwest Pacific can be explained
with a simple dome-shaped structure just above the
core-mantle boundary. We discuss the length scales
of those seismic structures as well as the trade-offs
among parameters: S velocity drop, curvature, geom-
etry, roughness, and sharpness of the transition to the
surrounding mantle.

2. A Two-Dimensional P-SV Hybrid
Method Combining Generalized Ray
Theory, Finite Difference, WKB, and
Kirchhoff Theory

The P-SV wave propagation problem is illustrated in
Figure la, where we assume the Earth flattening ap-
proximation. The heterogeneous region is bounded by
a box, where a finite difference technique is applied.
The generalized ray theory (GRT) solutions are inter-
faced with the finite difference (FD) calculation in the
shaded regions in Figure 1b. The wave fields are output
from the finite difference calculation just below the core-
mantle boundary, which are indicated by open triangles.
The solutions in solid triangles are calculated directly
by the generalized ray theory, since those regions are af-

fected very little by the presence of heterogeneities. The -

synthetics at the surface of the Earth are obtained by
applying the Kirchhoff method to interface the output
of receivers (triangles in Figure 1a) with WKB Green’s
functions. Interfacings of these motions are discussed
in sections 2.1 and 2.2.

2.1. GRT-FD Interfacing

Shtivelman [1985] and Emmerich [1989] present one
way to handle the interfacing between the finite differ-
ence technique and the analytical method by dividing
the finite difference region into two regions. The situa-
tion is slightly different here. The left boundary requires
special treatment as well.

The staggered-grid scheme is used for finite differ-
encing the P-SV wave equations [ Virieuz, 1986; Levan-
der, 1988]. Finite difference grids are illustrated in Fig-
ure 1b, where vertical and horizontal velocities are in-
dicated by triangles and circles, and normal and shear
stresses are represented by diamonds and squares. The
finite difference grids are divided into three regions, sep-
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arated by the dashed lines in Figure 1b: (1) total, where
the whole wave fields are calculated; the heterogeneity
is only present in this region; (2) reflected, where re-
flected wave fields are calculated; the reflected waves are
defined as the reflections from the heterogeneous region
(i.e., energy propagating upward), due to the incident
wave; and (3) scattered, where scattered wave fields are
calculated; scattered wave fields are defined as the scat-
tering due to the presence of the heterogeneities (i.e.,
energy propagating leftward); for an one-dimensional
model, these wave fields are zero.

Let the incident wave field be I, the one-dimensional
solution of the wave field be Tp, the reflected wave field
due to the one-dimensional model be Ry, the whole
wave field be T, the reflected wave field be R and the
scattered wave field be S. I, T, R, and S are either ve-
locities (uz, u,) or stresses (Tzz, T2z, Tez). There are
general relationships among S, I, T, and R, namely,

T=I+Ryor R=T — I;
S=T—T0;OI‘T=S+T0;
S=R-Ro;or R=S+ Ry

The finite difference schemes are applied directly in
those regions, since wave fields in those regions satisfy
the wave equations individually. The explicit numeri-
cal schemes of fourth order in space and second order
in time [Levander, 1988] are applied in the interior of
those regions, whereas those of second order in space
and time [Virieuz, 1986] are used for the grid points
indicated by solid symbols in Figure 1b, where special
treatments are required. For example, in order to cal-
culate the reflected shear stresses (7,.) at n = 3 (solid
squares), the reflected horizontal velocities (u;) at n =
3 (solid circles) are required. The horizontal velocities
(uz) in those positions, however, are the whole wave
fields as defined above. On the other hand, in order to
calculate the whole horizontal velocities (u;) at n = 3
(solid circles), the whole shear stresses (7;;) at n = 3
(solid squares) are required. The shear stresses 7, at
those positions, however, are the reflected wave fields
as defined above. The whole shear stress (7;,) and re-
flected horizontal velocities (u;) can be obtained by us-
ing the above three relationships among I, R, S, and
T. The explicit finite difference formulations at those
special regions are presented in the appendix.

2.2. Generalized Ray Theory

Iy, Ry, and Tp can be calculated by the generalized
ray theory [Helmberger, 1983]. With small modifica-
tions for a line source, the potentials for a receiver in a
medium with a stratified velocity structure are
P wave :

o= Z%{D(t) : ;Ajcjva(tn. 1)
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Figure 1. (a) Schematic illustration of interfacings of the hybrid method. The heterogeneous
regions are assumed to be confined inside the small box, where the finite difference technique is
applied. Generalized ray theory is used to calculate wave propagation from the source to the fi-
nite difference region and synthetic seismograms at the Earth’s surface is obtained by integrating
convolutions of the output from the source-side along the line represented by triangles and the
Green’s function from the receiver-side at the same positions. The source-side output in positions
represented by solid triangles is calculated by the generalized ray theory; that in positions repre-
sented by empty triangles is obtained from the finite difference calculation. (b) The division of
the finite difference region. The finite difference region is divided into three parts, where different

wave fields are calculated (see text for detailed explanations).

SV wave

Q= %{D(t) * Z A;SV;Vg(t)],

=1

where

Ve = 11> I [T
i=1 @

_1lx 1 dp,
Va(t) _..;[;Im(% H(P)a)z],

(2)
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p is ray parameter, D(t) is far-field time function, [1(»)
is product of the transmission and reflection coefficients,
Y is summation over contributing rays, ng = (672 —
p%)%, and, 16 = (a2 — p?)3.

The orientation constants A; and source radiation
patterns. C;, SV;, are defined by Helmberger [1983].
From the relationships between stresses and displace-
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where u and w are the z and z components of displace-
ment, receiver functions for converting potentials to ve-
locities and stresses are

For velocities

sz = 326770:1
Rpm = 321’:
R, = S?'P,
Rsm = 325"7[31

For stresses _
Rpr.. = $2((A+2p)p? + M),
Ryr.. = S2(Ap% + (A +2p)n2),
Ryr,, = 5%(—2eppia),

RST,; = 32(_251-‘1)7]3))
Rsr,, = 52(25Np776),
RST«:: = 52.‘1‘("7% - pz),

€ = 1 for upgoing ray and ¢ = —1 for downgoing ray.
Horizontal velocities calculated by the GRT-FD in-
terfacing and those from GRT for an incident SV wave
on the one-dimensional Preliminary Earth Reference
Model (PREM) [Dziewonski and Anderson, 1981] show
an excellent agreement in terms of both waveshape and
absolute amplitude (Figure 2). The left panel shows
a comparison of synthetics for receivers indicated by
squares and the right panel shows a comparison of syn-
thetics for receivers indicated by triangles. All traces
are plotted to the same scale. Two primary phases are
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Figure 2. Comparison of horizontal velocities obtained by the generalized ray theory (heavy
lines) and the hybrid method (light lines) with a source depth of 500 km. The epicentral distance
of the vertical cross section is 1000 km, and the separation of vertical receivers is 8 km. The
separation of horizontal receivers is 55 km. PREM is used for the calculation, and the Earth
flattening approximation is applied. All seismograms are plotted to the same scale.
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produced by the interaction of the incident SV wave
with the core-mantle boundary, namely, an S to P re-
flection and an S to S reflection. The P wave from the
former reflection becomes a head wave and diffracts into
the core. Note that the diffracted P phase is small for
PREM.

2.3. Kirchhoff Interfacing

For any two functions, © and w, there exists a rela-
tionship

/(u— - w——)dl //D(u V2w —-wy?u)dd, (3)

where, D is enclosed by I', n is outward directed normal
to I, dl is the line integral along I, and dA is the areal
integral in D.

The wave field potential (Q) for a seismic wave prop-
agating in a two-dimensional whole space satisfies
1 8%Q

2 = ————
ves= v2 o2’
where v is either P or SV wave propagational velocity.
The Laplace transform of the above equation over time
yields

2
(v?-5)Q=0.

The Green’s function (G) for a line source, by defini-
tion, satisfies

(V2 = 5G = 8(z — o')3(z — ). @
vz

Inserting G and Q into (3), we have

[@%-6%a = py@vie-6v2Qu
= [[p Qd(z — 2')é(z — 2')dA,
that is,

Qe,2) = /(QB—G -6%a, )

In this study, the integration is along a straight line
just below the core-mantle boundary, G is calculated by
WKB technique [Chapman, 1976] and Q is output from
the GRT-FD interfacing for regions indicated by solid
triangles and directly from the generalized ray theory,
for regions indicated by open triangles in Figure 1.

Since @ only applies to a P or an SV wave, it is neces-
sary to separate the responses of P and SV waves from
the output of the finite difference calculation. P and
SV responses can be separated based on displacements
and stresses output from the finite difference calculation

U=+ XYPE, = dp + U,

17,905

where # is displacement and ¢ and % are the potentials
for P and SV waves respectively. Note that

v(7%9)
18vé
a? Ot?
1 %@
= @ 9
x(Vxd@) = Vx(VXVXpe,)
= Vv x(V(V-ye:) - VyE:)
= -V X(Ez‘wez)
1 (v x ¢&;)
,62 ot2
1 8%,
T T@ae (™)

V(v - 1)

Thus, @ in (5) can take the forms of (v - @) and
v X (V¥ x#@), which are equivalent to accelerations caused
by P and SV waves, respectively. \7(7-%) and 7 X (7 X
@) can be obtained from the displacements and stresses
output from the finite difference calculation.

V(V-D) = V(5= + %)

= v

— 3 zptTz2) 5 O (TeatTzz\5

= 5 (FE)% m@@mg
vx(vxid)= LG -%2)e + (G - §=)e..

V(v - ©@) and its z derivative calculated by GRT and
those obtained by the FD-GRT interfacing show an ex-
cellent agreement (Figure 3). Again, all traces are plot-
ted to the same scale and PREM is assumed.

The point source solution can be obtained by correct-
ing the line source response [e.g., Stead and Helmberger,
1988]:

2 1

\/-——+ \/_ \/— dt Ulmea (8)

U, point —

where R and z are the total and horizontal distances,
respectively.

For Earth models similar to PREM, SV wave reaches
a critical angle at the core-mantle boundary and bifur-
cates into an SKS and a diffracted P (SPdKS) prop-
agating along the boundary at a distance of about
106° [Choy, 1977] (Figure 4). Synthetics waveforms
obtained from the GRT-FD-Kirchhoff interfacing and
those by the generalized ray theory show reasonable
agreement except the difference in the frequency con-
tent of the SPdKS phase at large distances (Figure 4).
The discrepancy is caused by the lack of long-period
diffracted energy obtained from the WKB synthetics
[Chapman and Orcutt, 1985; Helmberger et al., 1996].
The difference becomes less noticeable when SPdKS con-
tributions dominate the synthetics for models with ultra-
low-velocity zones.



v

17,906 WEN AND HELMBERGER: TWO-DIMENSIONAL P-SV HYBRID METHOD
Grad(Div U) d(Grad(Div U))/dz
o o A= v Ne—
v d\/t v
v :/\/t v
v f\/t v \
=

320
t-5* A (seconds)

315

325 315

320
t-5* A (seconds)

325

Figure 3. Comparison of quantities \7(7-U), and, d((v7-U).)/dz obtained by the generalized
ray theory (light traces) and the hybrid method (heavy traces). All synthetics are plotted to the
same scale. The receivers are indicated in Figure 2.

3. Application to Modeling SKS-SPdKS
Phases Through Ultralow Velocity
Zones

SKS-SPdKS waveforms are very sensitive to the local-
ized structures near the core-mantle boundary and pro-
vide ideal localized samplings of these structures. In the
meantime, the almost identical ray paths of SKS and
SPdKS in the mantle (Figure 4) and the nearly homo-
geneous outer core structure minimize the uncertainties
of waveform modeling due to crust and mantle hetero-
geneities and seismic source radiation pattern.

Figure 5 displays a sample of anomalous SKS-SPdKS
waveforms, recorded at long-period World-wide Stan-
dard Seismic Network (WWSSN) stations in North
America, for two Fiji and one Kermadec events. The
large relative time lags of SPdKS phases with respect
to SKS and the small critical distance for SKS are obvi-
ous in the data, as opposed to the predictions (dashed
lines) from PREM (Figure 5). The arrival times in the
average data can be fit by a model with a 10% drop of
P velocity at the mantle’s base (dotted line) [Garnero
and Helmberger, 1996].  Contrary to. those predicted
by PREM, the diffracted SPdKS phases at some dis-
tances (e.g., 110°) become strong geometrical arrivals if
a low-velocity layer is present just above the core-mantle
boundary [Helmberger et al., 1996]. The considerable
variation of observed waveforms has been modeled in
terms of ultralow-velocity layers at the bottom of man-
tle with variable layer thicknesses ranging from 5 to 40
km, drops in P and S velocities of 10%, and the den-
sity of PREM [Garnero and Helmberger, 1996]. If the

low-velocity layer, however, is caused by partial melt-
ing, an S velocity drop of about 30% will be expected
for a P velocity drop of 10% [Williams and Garnero,
1996]. In that case, the converted S to P phase at
the upper boundary of ultralow-velocity layers becomes
discernible in synthetics, unlike the data. Unless the
thickness of the layer is less than about 10 km, the sep-
aration in timing between the SKS and the converted
phases is small and not observable at long-period wave-
forms [Garnero and Helmberger, 1998]. Models with
flat layers encounter a further conceptual problem when
the waveform variation continues down to small scales,
as documented by Garnero and Helmberger [1998)]. Es-
sentially, to match the waveforms requires that the vari-
ation in layer thickness approaches the lateral sampling
separation, in violation of Huygen’s principle. More-
over, some very anomalous records, such as those la-
beled by the dots in Figure 5, remain unexplained with
current modeling techniques. Given these modeling dif-
ficulties and large velocity variations, it appears partic-
ularly important and necessary to investigate the ef-
fects of nonplanar structures by numerical methods, as
strongly suggested by the rapid variations of the ob-
served waveforms. In this section, we perform SKS-
SPdKS waveform sensitivity studies for various two-
dimensional structures in the first part and model the
Fiji data in the second part.

3.1. Sensitivity Studies

In this section, we explore the waveform complex-
ity produced by various two-dimensional structures. To -
reduce the parameter space, we consider mostly sim-
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ple dome-shaped structures just above the core-mantle
boundary. These structures produce waveforms best fit
to the data. In most cases, we adopt an 1 to 3 ratio of
P and S velocity drops of the seismic anomalies, which is
favored on the physical ground of partial melt [ Williams
and Garnero, 1996], although other values of this ra-
tio are also considered. We examine effects of various
dimensions (in height and width), seismic parameters,
and position.

We begin by exploring effects of dome curvature for
an impinging SV wave. The dome is assumed to have
a P velocity reduction of 10%, an S velocity reduc-
tion of 30% and a density increase of 20%, with re-
spect to PREM. These parameters are obtained by as-

(a) Fiji(1)

(b) Fiji(2)

WEN AND HELMBERGER: TWO-DIMENSIONAL P-SV HYBRID METHOD

suming a partial melting origin [Williams and Gar-
nero, 1996]. PREM is used elsewhere. The dome
starts just before the SV wave reaches the critical an-
gle at about 770 km and ends at 1043 km (Figure 6a).
Figure 6b shows the important phases for generating
the SPdKS-SKPdS phase at the surface of the Earth.
SKPdS is formed as an SSK wave on the source side
and a KPdS wave on the receiver side of the mantle
and SPdKS is formed as an SPdK and an SPK on the
source side and a KS on the receiver side of the man-
tle. Snapshots of wave propagation are shown in Fig-
ures 6¢-6f. At ¢t = 384.25 s, only the incident SV wave is
present (Figure 6¢). The converted and reflected phases
due to the dome structure at later times are labeled in

(c) Kermadec

105° -

110°-
1
o 1
2
< ‘3.
17 N
A
GW{q
115°4 -
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; SFA GEO
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P e e e
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Figure 5. Observed SKS-SPdKS seismograms for two Fiji and one Kermadec events and pre-
. dicted arrivals of SK'S and SPdKS phases for PREM (dashed lines) and a model with a P velocity

drop of 10% at the mantle’s base (solid lines).
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Figure 6. Wave propagation for a model with a dome-like structure just above the core-mantle
boundary. PREM is used and the dome has a P velocity reduction of 10%, an S velocity reduction
of 30%, and a density increase of 20% with respect to PREM. These parameters are obtained by
assuming partial melt with a P velocity drop of 10%. (a) Model setup; (b) important phases for
generating SKS-SPdKS waves at the surface of the Earth; (c)-(f), snapshots of the wave fields.

Figures 6d-6f. SPdK is relatively small because it is a
diffracted arrival, while the SPK phase is strong because
it is locally a geometrical arrival (e.g., Figure 6e).

The propagational effects of ultralow-velocity zones
are demonstrated by the SKS-SPdKS total waveforms
and contributions from different segments of the core-
mantle boundary, separated by the Kirchhoff integral
on the source side (Figure 7). The division of seg-
ments is shown in the top panel. The PREM syn-
thetics are also shown in dashed lines for comparison.
Contributions from the segment 1 are exactly matched
for both models, since the wave propagation is not af-
fected by the presence of the ultralow-velocity zone.

For the contributions from the segment 3, waveforms
predicted by the dome structure are in good agree-
ment with those of PREM, except that they are de-
layed by the ultralow-velocity zone. For the SKS-
SPdKS wave groups contributed by the segments 2 and
1, in addition to the delays of waveforms caused by
the ultralow-velocity zone, the reduced amplitudes of
these SKS-SPdKS phases produced by the model with
the ultralow-velocity zone are also obvious. The de-
lays break down. the coherence of SKS at small dis-
tances (106°-110°) and partition the SKS energy into
two phases. Note that the maximal amplitudes of syn-
thetics predicted by the dome structure are smaller than
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The total SKS-SPdKS waveform synthetics along with contributions to SKS-

SPdKS synthetics from different segments of the core-mantle boundary on the source side. The

dashed traces are those for PREM, and heavy
shown in Figure 6. The source depth is 500 km.

those of PREM at these distances, because some energy
of the incident SV wave is reflected back into the man-
tle due to the curved structure and some SKS energy is
partitioned into SPdKS and SPKS phases. The latter
phase has a path similar to SKS except that it prop-
agates as a converted P wave in the ultralow-velocity
zone. SPKS appears as a precursor in the contribu-
tions from the segment 2. Those precursors will become
more obvious if the dome structure is under the entry
point of SKS phase. At larger distances, the dome struc-

traces are calculated with the dome structure

ture affects mostly the SPdKS phases, since the dome
structure is far away from the entry point of SKS at
these distances. It is also obvious from snapshots that
the dome structure will produce strong precursors to
ScP and ScS.

Figure 8 shows snapshots of wave propagation for
a boxcar structure for the same model setup in Fig-
ure 6. Although broadband SKS-SPdKS synthetics for
the model with a dome-shaped structure and that with
a boxcar structure are distinguishable, the long-period
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Figure 8. Same as Figure 6, except that the low-velocity region is a boxcar.

WWSSN synthetics, however, are very similar for these
two structures with these dimensions (Figure 9). For
the boxcar structure, precursors to SKS are stronger
because of a stronger S to P conversion from the man-
tle to the structure, compared to the case of the dome-
like structure (Figure 6). If the boxcar structure ex-
tends to larger distances, synthetics will become even
more complex, with many converted phases even for
long-period synthetics, similar to the predictions from
one-dimensional models with ultralow-velocity layers.
Since the multiples are strongly influenced by the
geometrical location of the S to P critical angle, the
location of two-dimensional structures becomes a con-
trolling factor in modeling SKS-SPdKS waveforms, as
demonstrated in the synthetic record sections for dome-
like structures located in various positions above the

core-mantle boundary (Figure 10). The synthetics are
convolved with a trapezoidal (1,1,1) source time func-
tion and the long-period WWSSN instrument response.
The SV critical points (heavy arrows) and the SKS en-
try points for epicentral distances 105° and 115° at
the core-mantle boundary are shown in Figure 10. In
Figure 10a, the dome structure is in the position that
affects SKS phase very little for epicentral distances
less than 105°; small precursors are present for the dis-
tance ranges 103°-109° and the dome structure distorts
SKS severely for distance ranges 111°-115°. Synthetics
in Figure 10b show the same characteristics as those in
Figure 10a, except that the separation between SKS and
SPKS becomes more obvious at distance ranges 111°-
115°. Note the complex waveforms at those distances in
Figure 10b. In Figure 10c, the dome structure has little
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Figure 9. The broadband synthetic SKS-SPdKS wave-
forms for models shown in Figures 6 and 8. The syn-
thetics are obtained by convolving the Green’s func-
tions with a source time trapezoidal function (1,1,1)
and t* = 1.

effect on the SKS phase at distances greater than 114°,
since anomalies are no longer beneath the entry points
of SKS at those distances. The dome structure be-
comes important in affecting the timing and waveshape
of SKS-SPdKS phases, as is obvious in the synthetics
at distance ranges 108°-113°. The second phase ap-
pears even stronger than the first one at some distances
(e.g., 109°). Waveform distortions appear at smaller
distances in the synthetics shown in Figures 10d-10e.
Long-period SKS-SPdKS synthetics are also sensitive
to the dimensions (height and width) and seismic pa-
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rameters of the dome-shaped structures, aithough some
trade-offs exist among these parameters (Figure 11).
The synthetics in Figure 11a are calculated with a 40-
km-high and 136-km-wide dome-shaped structure, lo-
cated 136 km beyond the SV critical point. Synthet-
ics produced with this dome-shaped structure, though
different from those produced by PREM, are near the
threshold of detectability of difference. Synthetics in
Figures 11b-11c are obtained for models of 40-km-high
domes with horizontal length scales of 267 and 534 km.
The domes are now located just after the critical dis-
tance for SV waves. Note the significant difference
between synthetics in these two panels. The SPdKS
phases are very small for the model with a 534 km
dome because the dome structure attenuates SPdKS-
SKS phases over a longer distance. The second phase
and the SPdKS phase become very weak compared to
the first SK'S phase. Synthetics for an 80-km-high dome
with a width of 136 km are shown in Figure 11d. The
SPdKS phases appear stronger than the SKS phase in
this case, and this structure produces strong precursors
to the SKS phase, especially at distance ranges 109°-
112°. The Figure 1le shows synthetics for the same
dome with different velocity reductions. A substan-
tial trade-off exists between velocity reduction and the
vertical dimension of dome structures. While a higher
dome tends to increase the strength of the P diffraction,
delay its arrival time and thus make it a more recogniz-
able phase, a lower S velocity, on the other hand, tends
to move the critical angle to a closer distance, reduce
the strength of SKS and thus produce a similar wave-
form. Note that the synthetics from the 40-km dome
with a drop of 20% in S velocity (Figure 11b) look sim-
ilar to those of an 80-km dome with a drop of 10% in
S velocity (Figure 1le). For the larger dome, however,
precursors appear in SKS-SPdKS synthetics at distance
ranges 109°-113°, and stronger SPdKS arrivals exist at
larger distance ranges.

Long-period SKS-SPdKS waveforms are not very sen-
sitive to the smoothness and roughness of those seis-
mic structures, since these long-period waveforms are
the average effects of the structure (Figure 12). Long-
period synthetics for a dome with multilayers (Fig-
ures 12a and 12c) are similar to those of models with
a single dome and long-period synthetics from an ex-
tremely rough curvature (Figures 12b and 12d) are sim-
ilar to those with smooth structures.

3.2. Ultralow-Velocity Zones Beneath
the Southwest Pacific

The above sensitivity studies have demonstrated a
variety of SKS-SPdKS waveform complexities required
for matching anomalous observed waveshapes not ex-
plainable with flat-layer models. A unique interpre-
tation of this two-dimensional modeling of the data
becomes more problematic because of the trade-offs
among parameters. From example, the trade-off be-
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Figure 10. Synthetic SKS-SPdKS waveforms for models with dome-like structures just above the
core-mantle boundary on the source side. Domes have a horizontal scale of 267 km, a thickness
of 40 km, a P velocity reduction of 10%, an S velocity reduction of 30%, and a density increase
of 20% with respect to PREM. Different panels of synthetics correspond to different positions of
the dome-like structures. The entry points of SKS phase for distance ranges at 105° and 115° are
shown, and the critical distances for SKS at the core-mantle boundary are indicated by heavy
arrows. All synthetics have been convolved with the long-period WWSSN instrument response
with t* = 1 and with a source time trapezoidal function (2,2,2). The source depth is 500 km and

PREM is assumed elsewhere.

tween the density change and geometry of the struc-
ture makes the density change unresolvable. Neverthe-
less, useful information about these localized structures,
such as the P velocity reduction, general dimensions,
and S velocity drops required, can be extracted from

the data. For example, a P velocity drop of 10% is
required to fit the travel times of the SPdKS phases,
localized structures with horizontal length scales of at
least 100 km are required to produce anomalous long-
period SKS-SPdKS waveform, localized structures with
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Figure 11. Synthetic SKS-SPdKS waveforms for models with different dome structures just
above the core-mantle boundary. All synthetics have been convolved with the long-period
WWSSN instrument response with t* = 1 and with a source time trapezoidal function (2,2,2).
The source depth is 500 km and PREM is assumed elsewhere. The horizontal length scales for
models from Figures 11b-11e are 267 km, whereas that for model in Figure 11a is 133.5 km. The
heights of the dome are 40 km in Figures 11a-11c and 80 km in Figures 11d and 11e.

vertical length scales of more than 80 km will generate
noticeable precursors to SKS phase, and an S velocity
drop of 30% rather than 10% is favored, etc.

The observed SKS-SPdKS waveforms shown in Fig-
ure 5 can be explained by a simple dome-like struc-
ture just above the core-mantle boundary. For exam-
ple, the observed waveforms for the Fiji 1 event can be
explained by the synthetics shown in Figure 10e; the ob-

served waveforms for the Fiji 2 event can be explained
by the synthetics shown in Figures 10b and 10c; and
the observed waveforms for the Kermadec event can
be explained by the synthetics shown in Figures 10d
and 10e. Figure 13 shows some comparisons of some of
the most anomalous observations with these synthetics.
Only observations along the most similar azimuth are
chosen (see Figure 13 (top) for geometry). The corre-
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Figure 12. Long-period (LP) and broadband (BB) synthetics for models with different dome
structures just above the core-mantle boundary. Synthetics in Figures 12¢ and Figures 12d have
been convolved with t* = 1 and with a source time trapezoidal function (2,2,2). Synthetics in
Figures 12a and 12b have also been convolved with the long-period WWSSN instrument response.
The source depth is 500 km and PREM is assumed elsewhere. The model used in Figures 12a and
12¢ consists of three layers with P velocity reductions of 3%, 6% and 10%, SV velocity reductions
of 10%, 20% and 30%, and density increases of 7%, 14% and 20% from outer to the inner layers.
The models used in Figures 12b and 12d have roughness and a P velocity reduction of 10%,
an SV velocity reduction of 30%, and a density increase of 20%. All structures have horizontal
length scales of 250 km. Note that SKS-SPdKS synthetics are not sensitive to the smoothness of

~

;he transition to the localized structures and the roughness of those seismic structures.

sponding synthetics are selected from Figure 10, where
the only variable is the position relative to the critical
angle. The observed waveforms at BLC and AAM can
simply be explained by shifting the dome position by
100 km. The observation of SCB and SCP has been
fit by just averaging Figures 10b and 10c as a rough
approximation of a smaller shift interval. Our best sim-
plified picture of the ultralow-velocity zones based on
this fit is given in Figure 13 (middle).

It should be emphasized again that because of the
nature of long-period data, the structure shown in Fig-

ure 13 should be considered a tentative picture. Some
of the uniqueness problems can be addressed by broad-
band data and information from other phases, such
as SKKS, PKP, PcP, ScP and ScS, etc. For exam-
ple, the amplitude ratio of SKKS/SKS can be useful
in distinguishing the synthetics of a 40-km-high dome
with a 20% drop in S velocity from those of an 80-
km-high dome with a 10% drop in S velocity. The
roughness and smoothness can also be constrained by
short-period or broadband data, as demonstrated in the
studies of short-period and broadband scattered precur-
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Figure 13. The comparison of synthetics and observed
waveforms for a Fiji event and the geometry of a three-
dimensional structure for producing the synthetics. The
seismic anomaly has a P velocity drop of 10%, an S ve-
locity drop of 30%, and a density increase of 20% with
respect to PREM. Synthetics are chosen from Figure 10
and labeled.

sors to PKP [Vidale and Hedlin, 1998; Wen and Helm-
berger, 1998]. Three-dimensional effects of the seismic
structures are also potentially important.

4. Conclusion

A two-dimensional P-SV hybrid method is developed,
which combines generalized ray theory, finite difference,

XTI s AU I my o 1 Y
vwno dll(l El’le I\II'LII.IIUU. Lneory. 1€ generaiizea ray

theory solutions are interfaced with the finite difference
calculation, and synthetics at the surface of the Earth
are obtained by integrating convolutions of the output
from a finite difference technique with WKB Green’s
functions by applying the Kirchhoff theory. Since the
finite difference technique is applied in the heteroge-
neous region only, the hybrid method takes much less
computer memory and has wide applications for high-
resolution studies of localized structures. The compar-
isons of the hybrid method seismograms with the gen-
eralized ray theory seismograms yield good agreement.

We apply the hybrid method to study the wave prop-
agation problem for an ultralow-velocity zone near the
core-mantle boundary. Localized dome-shaped struc-
tures with a horizontal length scale of about 250 km,
a vertical length scale of 40 km, a P wave velocity re-
duction of 10%, an S wave velocity 30%, and a density
increase of 20% produce SKS-SPdKS waveforms which
fit the most anomalous records not explainable by one-
dimensional models. The general structural shape and
location of the localized structure are constructed from
the modeling of the data, since the complexity of wave-
forms is sensitive to the position of the localized struc-
ture above the core-mantle boundary, although several
importa.nt issues, such as the density change and the
rougnnebb QI ]}Ile IUCallZeu bblubﬁultﬂb auu Lllt: bl[].UUl:ll'
ness of the transition from these structures, remain un-
resolved due to the nature of the data. Broadband data
and information from other phases are required to re-
solve these fine structures.

Appendix: Finite Difference Formulations
in the Interfaces of Three Defined
Regions

We follow the notation of Virieuz [1986]. For the
region where n =3 and m > 3 h
k+3 k-1
Uii® = Uy?® +B,-,j[(0*k+ i~ Tig)
+(( 41 TE ) —”f’j_i)],
k+3 — V""‘i + B.  [(BF
+3i+y T Titia+i i+3d+3 z+1,g+%
- (z)Jk+ )+ (rz+ J+1 (Ft+ ¥
F,,+ k))]’
k+1 _ k k+1
2,+;,] = X i+hi +(L+2M); 1 (U5
ki k+—-
_U 2)+L1+2,][( + ]+1
V+ .7+1) - Vz+ j—l]’
k1 _ T 1 k+3
+3.d - Fz+ i + Ly J(U+1ZJ Uij*)
yhti
(I;_’i_ 2M)1+2 ][( Z+ 2‘7+1
+Vz+ J+‘) z+ J——]
k41 = = k+3
Ht,j-.-% = HZJ+1 +M1]+1[((Ut]+1
Okt k+ k+%
u+12) - 2) + (V+12]+1

k
_—‘,7'_%:.7+%)].
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where k is the index of time steps, ¢ and j are for = axis
and 2 axis discretizations. (U,V) = (vz,v.), (£,T,8)
d

= (Tzz,Tzz,Tzz) L=Xx %,M =u X %d_:f:%’ and B =

@) g—% dz and dt are space and time discretizations

and A, p are Lamb’s parameters. (U°,V?,£° 10 =0)

are solutions for direct incident wave (Io). Here the
relationship T' = Ip + R is used.
For the left boundary, m = 3

k+3 k—3 0,k
U ® = U,-'J.2+B-'j[((2f+ p Et+ ])
—Ef__ J)+(H1]+1 - t]—-l)]’
k+3 _ k-3
Vitrity = Virs J+‘+Bl+z»3+‘[(“z+1j+-§-
~(EF 4 HEE )+ (T
Tty | Tihitd i+§.d+1
I\k
1+
k+1 = m* L+2M) Uk
i+3.d T Tt +( i+ 3. \Vit1,j
Ok
k+ k
(i+12.1'+1 V J——)’ -
k41 _ ykta +3
i-:-%,j - Fz-l— J+Lz+ ,J( i+ (Ui,jz
0,k+3
+U 5 )+ (L +2M)ip g
k+ k
(V;_*_ 12,j+1 - Vl_’_zd_k_.)’ k
= = +3 +3
:‘?,-;-il-% = u+‘+Mw+‘[( i1~ i)
k+: L O0k+3
+((V+ $its Vz+,.a+2)
Y-l J+%)]

where (U?, V0, 59,19, Z9) are solutions for whole wave
field (Tp) due to one-dimensional structure for grids n >
3 and reflected wave field (Rp) for grids n < 3. Here
the relationships S = T — Ty and S = R — Ry are used.

Special treatment is needed for:the triple junction
point (m = 3,n = 3) of those three regions

k+3 _ k-3
i+i+3 T Vi+;",‘3+1 +BH;2,J+ (G z+1.1+2
—(=k =0
“;i;cj+%+“u+‘)+( i+3.5+1
_Fz+ g 7T i+3 1.i)b
k+1 — k+
21‘1‘2'] - ZH-lk' (L-:,?M)H'l ( H‘lz]
-t + U *2))+Li+%1
e
(VHE):J+1 —( i+3.0-3%
‘71+ j_.l_))v )
E+1 _ ykts k+3
Pt+z,J - Pz+ J+L1'+2-7( irng — (Ui

+U° HH2)) + (L+2M),p

k+2 _ k
(V+02 i~ Vi oy
Vo))

where (V°,T°) are the solutions for direct wave (Ip),
(U°) is the solution of Ty, and (Z°) is the solution of
Ry. ’;3 1 can be calculated as those in n < 3, and

Ufq can be calculated as those in n > 3.
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